Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen Zwecken und zum Privatgebrauch gespeichert und kopiert werden.
Introduction
In high-frequency financial data analysis, researchers usually do not use all available data but would select a subgrid of transactions. To choose the subgrid, two issues have to be considered: selecting the sampling scheme and choosing the target average sampling frequency. Three sampling schemes are commonly used in the literature: Calendar Time Sampling (CTS), Tick Time Sampling (TTS) and Business Time Sampling (BTS). Under the CTS scheme, transactions are selected by regularly spaced calendar time, such as every 5 s/min. The TTS scheme selects transactions with regularly spaced number of ticks, e.g., every 5 or 10 ticks. The BTS transactions are often selected to ensure approximately equal volatility for the returns over each interval. Thus, the CTS and TTS schemes are implemented based on explicit criteria (i.e., regular calendar-time length or number of ticks, respectively). In contrast, the BTS scheme depends on the unobserved volatility. As a result, the CTS and TTS schemes have been used widely in the literature, while the BTS scheme is used less frequently.
The BTS scheme possesses some desirable properties for high-frequency financial data analysis. It dates back to Dacorogna et al. (1993) , and see also Zhou (1998) , Peters and De Vilder (2006) , and Mykland (2012) . In particular, the BTS scheme yields independently and identically distributed (iid) normal returns for a semimartingale price process even when there is leverage or feedback effect. 1 In contrast, due to the leverage effect or varying volatility, the calendar-time returns may not be iid normal even if the price process is a continuous local martingale. The assumption of iid Gaussian returns is required for the Gaussian-likelihood approach Nowman (1997) and several widely used integrated volatility estimates, including the multipower variation (MPV) estimate of , the quantile realized volatility (QRV) method of Christensen et al. (2010) and the nearest neighbor truncation method of Andersen et al. (2012 Andersen et al. ( , 2014 . However, in the implementation, researchers often sample transactions under the CTS or TTS scheme. Andersen et al. (2007 Andersen et al. ( , 2010 find that the normalized daily and weekly returns sampled in business time accord well with the standard normal distribution. To sample the time points, they use a sequential method to include intraday returns until the cumulative squared returns exceeds the average daily or weekly realized volatility.
One drawback of the method in Andersen et al. (2007 Andersen et al. ( , 2010 is that its performance in obtaining returns with approximately equal volatility over each interval deteriorates as the sampling frequency increases. In addition, researchers need to choose a threshold to obtain sampled returns at the target frequency. In this paper, we propose a new method to implement the BTS scheme, which has better performance as the sampling frequency increases and needs no threshold. We estimate the intraday integrated volatility using the jump-robust Tripower Realized Volatility (TRV) method of and calculate a time-transformation (TT) function over the investigated time period. The value of the TT function corresponds to the cumulative increments of the estimated intraday integrated volatility over time and the sampled BTS transactions are obtained using the inverse of the TT function.
We test the semi-martingale hypothesis on the BTS returns of 40 stocks selected from the New York Stock Exchange (NYSE). Our proposed BTS method improves the normality approximation of the empirical standardized return distribution. We further explore the use of the BTS scheme in estimating integrated volatility. First, we consider the Realized Volatility (RV) estimates for daily integrated volatility when the returns are sampled using the BTS, CTS and TTS schemes. Our Monte Carlo simulation shows that the TRV estimates (with and without subsampling) using the BTS returns provide the smallest root mean-squared error (RMSE). Second, we modify the ACD-ICV method of Tse and Yang (2012) , making use of the BTS scheme. Our modified ACD-ICV estimator performs better than the Realized Kernel (RK) estimates Barndorff-Nielsen et al. (2008) and the method of Tse and Yang (2012) , which uses price-event sampling.
The rest of this paper is as follows. Section 2 outlines our proposed implementation of the BTS scheme. Section 3 reports some empirical results on testing the semi-martingale hypothesis. In Section 4, we outline the estimation methods of daily volatility examined in this paper. We report the results of our Monte Carlo study in Section 5 and draw conclusions in Section 6. The Appendix A provides further details of the jump detection procedure and computation of the BT time-transformation function. Some additional results can be found in the accompanying online supplementary material.
Intraday Periodicity and the BTS Scheme
The stylized fact of intraday periodicity is a well known phenomenon in high-frequency financial data analysis. Trading activities are usually high at the beginning and close of the trading day and low around lunch time. Modifications are needed to get rid of this pattern before data are fitted into high-frequency models. To adjust for the intraday periodicity of transaction activity, Tse and Dong (2014) use a time-transformation function computed by pooling all transactions over all trading days in the sample. The TT function transforms all observed transactions from the calendar time to a transformed time for which transactions are evenly observed. However, the time-transformation volatility. That is, large negative returns tend to be associated with higher future volatility than positive returns of the same magnitude. Feedback effect refers to the case when the volatility function is correlated over time.
Econometrics 2017, 5, 51 3 of 19 function proposed by Tse and Dong (2014) will not be appropriate for BT sampling if volatility and transaction activity exhibit different intraday periodicity patterns. Figure 1 presents the intraday periodicity in volatility and trading activity of the stock JP Morgan (JPM) from January 2010 to April 2013. Figure 1A plots the means of the 1 min intraday realized volatilities over all trading days in the sample period, expressed in annualized standard deviation in percent, while Figure 1B plots the total number of transactions at each second from 9:30 a.m. to 4:00 p.m. over all trading days in the sample. We observe that the realized volatility at the beginning of the trading day is approximately two to three times larger than that near the end of the trading day. In contrast, the number of transactions at the end of the trading day is two to three times larger than that in the morning. This finding is quite regular across other stocks in our sample, which shows that intraday periodicity patterns in volatility and trading activity are quite different. 2 Thus, TTS returns in the morning will have larger volatility than those in the afternoon. In contrast, by construction, BTS returns will have nearly constant volatility over the whole trading day. Results for other stocks can be found in the online supplementary material ( Figure S1 ). To implement the BTS scheme, Peters and De Vilder (2006) select transactions based on increments of estimated quadratic volatility. To alleviate the microstructure noise effect, transactions are selected sparsely, such as at 2 min frequency, to calculate the volatility. One drawback of this method is that it assumes away the price jumps, although this assumption is often rejected in the literature (see, e.g., Shephard (2004, 2006) , Huang and Tauchen (2005) , Lee and Mykland (2008) and Boudt et al. (2011) ). 3 Another drawback of this method (also in Andersen et al. 2010 ) is that researchers need to select a threshold value to obtain transactions at the target sampling frequency. The procedure of choosing the threshold has to be iterated, especially when the target frequency is high.
In this paper, we adopt the time-transformation approach to implement the BTS scheme. Let T denote the calendar-time length in seconds aggregated over all trading days in the sample. The time-transformation function Q(t) at calendar time t (in sec), for 0 ≤ t ≤ T, is computed as the empirical proportion of the intraday integrated volatility up to time t. 4 The diurnally transformed time corresponding to calendar time t is denoted byt, witht = T × Q(t). Thus, returns over equal intervals of diurnally transformed time will have approximately equal integrated volatility. To obtain BTS transactions at a given frequency, we can select equally spaced transactions at the diurnally transformed time and choose the corresponding BTS transactions using the inverse function Q −1 (t). In contrast to the methods in the literature, we do not need to choose a threshold value when implementing the BTS scheme.
We outline our method to obtain the BTS transactions as follows. Consider a sequence of estimated intraday integrated volatility V k for K consecutive time intervals over the period (0, T] , with the end point in each time interval represented by t k , for k = 1, · · · , K. 5 Denote the collection of points t k by H V (t 0 = 0) and define N t 0 = 0 and
at any calendar-time point t can then be computed using a cubic interpolation that preserves monotonicity in t. 6 To sample a sequence of calendar-time points with BTS duration h, we take equally spaced diurnally transformed BT pointst j , j = 0, · · · , L, witht j −t j−1 = h and L = [T/h]. Then, t j = Q −1 (t j /T) are the required calendar-time points for the BTS scheme. Figure 2A ,B present the time-transformation functions for stock JPM based on intraday volatility and trading activity, respectively. These functions are computed by merging the data over the complete sample period, resulting in representative one-day time-transformation functions. 7 Note that the two transformation functions exhibit different intraday patterns, with the compression of diurnally transformed time during market open more prominent for volatility than for trading activity. One drawback of the jump detection methods is the presence of the spurious detections due to multiple testing issues. See Bajgrowicz et al. (2016) for a discussion. 4 As there are 6.5 h of trades in a trading day for the NYSE, for m trading days we have T = 23400m s. Q(t) at calendar time t (in s) is an increasing function of t, with t = 0, 1, · · ·, T, Q(0) = 0 and Q(T) = 1. Here, t k are calendar-time points which need not to be regularly spaced. We outline the detailed steps in calculating V k and t k , for k = 1, · · · , K, in the Appendix A. V k can be any suitable estimates of intraday integrated volatility. In this paper we use the TRV method of to calculate V k for its robustness to jumps. 6 We use the Matlab (2015a, Mathworks, Natick, MA, United States) command pchip in this paper. Given Q(t) and the calendar-time point t, the diurnally transformed timet ist = T × Q(t). Conversely, given Q(t) and a diurnally transformed timet, the corresponding calendar time is t = Q −1 (t/T). 
Testing the Semi-Martingale Hypothesis Using BTS Returns
As discussed above, BTS returns are iid normal for a semi-martingale price process even when there is leverage and/or feedback effect, whereas the CTS returns may not be iid normal even if the price process is a continuous local martingale. We now examine empirically the behavior of the BTS returns following the study of Andersen et al. (2010) .
The Semi-Martingale Hypothesis
Let r k = Y t k − Y t k−1 be the jump-adjusted returns over the time interval (t k−1 , t k ). 8 If the log-price follows a jump-diffusion process 9 with no leverage and volatility feedback, r k standardized by the integrated volatility will follow a standard normal distribution, i.e.,
where σ(·) is the instantaneous volatility function. The above result, however, will not hold if σ(·) exhibits correlation over time (feedback effect) or with the log-price innovation (leverage effect).
On the other hand, if the jump-adjusted returns are sampled over business time so that, over each business-time interval (t k−1 ,t k ), we havẽ
for a given volatility thresholdσ 2 , 10 Then, the jump-adjusted returnsr k over the business-time intervals
To sample a sequence of BTS returns, Andersen et al. (2010) include intraday returns until the cumulative squared 5-min returns exceed a threshold, defined as the average daily or weekly realized volatility in calendar time (ABFN method hereafter). They report improved accuracy of the normal approximation under this sampling scheme.
Empirical Results of the Tests
To examine empirically the performance of our proposed BTS method versus the ABFN method, we use data of the top 40 market-capitalization stocks from the NYSE in 2010. We extract the tick-by-tick transaction data of these stocks from the TAQ database from January 2010 to April 2013. To clean the raw data, we follow the steps described in Tse and Dong (2014) . Using the sequential jump-detection procedure of Andersen et al. (2010) , we investigate the proportion of detected jumps (number of the detected jumps over the total number of sampled returns) when different sampling intervals and sampling schemes are used. 11 We test the normality assumption of the drift-corrected and jump-adjusted BTS returns (returns with jumps removed). For each trading day, all BTS returns with jumps are deleted and the 8 The jump-adjustment procedure can be found in the Appendix A.
9
The Brownian semimartingale process can be defined as dY t = µ t dt + σ t dW t , where µ t dt is the drift term, the instantaneous volatility process σ t is càdlàg, and W t denotes a standard Brownian motion independent of the drift. In this paper, we further add jumps to the Brownian semimartingale and assume the price process to be a generic jump-diffusion process. That is, dY t = µ t dt + σ t dW t + κ t dq t , where dq t = 1 when there is a jump at time t, and dq t = 0 otherwise, and κ t denotes the jump size if a jump occurs at time t. We assume the jump component to be a finite activity jump process. Note that when there are infinite number of jumps in the data, our BTS method will work if we select BTS transactions based on estimated integrated volatility that are robust to the presence of Lévy-type jumps. See Lee and Hannig (2010) for the evidence of the presence of the Lévy-type jumps and see for an analysis of the multipower variation estimates when there are infinite number of jumps. 10 Note that, givent k−1 andσ 2 ,t k is the minimum business time so that the integrated volatility over the interval (t k−1 ,t k ) reachesσ 2 . 11 As our focus here is the testing of the semi-martingale hypothesis, the results of the jump detection are not presented.
Details of the selected stocks and results of the jump tests can be found in the supplementary material (Tables S1-S3) for which sampling frequencies of 1 min, 5 min and 10 min are used. When the sampling frequency is equal to 1 min, more than 12 stocks report jump proportions with values exceeding 10% under all sampling schemes. This suggests that sampling frequency that is too high (such as 1 min) may render misleading results when they are used for jump detection using the method of Andersen et al. (2010) . See Oomen (2006) for an analysis of the performance of the realized variance estimator among alternative sampling schemes.
Econometrics 2017, 5, 51 7 of 19 jump-adjusted 30-min, daily or weekly BTS returns are then computed by summing the remaining consecutive jump-adjusted BTS returns. We apply the Lilliefors (1967) test for normality to the jump-adjusted CTS returns, ABFN returns, and BTS returns. The results are reported in Table 1 . It can be seen that the BTS method and the ABFN method substantially improve the normality approximation of the standardized return distribution over the Calendar-Time method. While the results for the weekly data are similar for the BTS method and the ABFN method, the BTS sampling scheme at higher frequencies restores normality for several stocks. We further compare the performance of various methods by computing the moments of 30 min returns with jump-adjustment. In addition to using the Lilliefors (1967) test for normality, we also examine the skewness and kurtosis of the sampled returns of the 40 stocks and compute the average of the absolute difference of the calculated skewness and kurtosis versus 0 and 3, respectively. The results are reported in Table 2 . We observe that, for high-frequency returns, the BTS method performs the best in restoring normality, while the TTS method performs the worst. This observation confirms our finding in Section 2 that we cannot use the TTS scheme to approximate the BTS scheme to select intraday returns. For illustration, Figure 3 presents the QQ (Quantile-Quantile) plots of the 30 min jump-adjusted ABFN returns and BTS returns for the JPM stock data. Our proposed BTS method performs better than the ABFN method in restoring normality for returns sampled at high frequency. 12 
Estimation of Integrated Volatility
We now examine the use of the BTS scheme for estimating integrated volatility. We consider two methods of estimating daily volatility: Realized Volatility (RV) method and Autoregressive Conditional Duration-Integrated Conditional Volatility (ACD-ICV) method. The literature on RV estimation has grown tremendously since its inception. In this paper, we select the Tripower Realized Volatility (TRV) estimate of for its robustness to price jumps. 13 We compare the performance of the TRV estimates when returns are sampled by BTS, CTS and TTS schemes, with and without subsampling. With the same estimator used, the performance of the estimates is only differentiated by the sampling method. We also consider the use of the ACD-ICV approach, with some modifications based on the BTS methodology.
Integrated Volatility Estimation Using BT Returns
For a given subgrid H, the TRV estimate is computed as
where
with Γ(·) denoting the gamma function and Y i,+ denoting the elements following Y i in H. We define |H| as number of points in grid H minus 1. For the CTS scheme, the previous-tick method is adopted when there is no transaction at the selected time point. For the TTS scheme, the number of subsampling grids S is selected to ensure that each subgrid has transactions at the target sampling frequency. To implement the subsampling method under the BTS scheme, we select BTS transactions with the sampling frequency being twice the average transaction duration. Subsampling is then implemented to obtain subgrids at the target sampling frequency.
Integrated Volatility Estimation Using the Modified ACD-ICV Method
Tse and Yang (2012) propose the ACD-ICV method to estimate daily and intraday volatility by modeling the price durations parametrically. They point out that, for short intraday intervals, such as an hour or 15 min, the RV methods use only local data for the period of interest. Thus, the infill sample size may not be large enough to justify the applicability of the asymptotics of the RV estimates. In contrast, the ACD-ICV method estimates the conditional volatility using data beyond the period of interest and produces better estimates of volatility over short intraday intervals. Their simulation results show that the ACD-ICV method performs better than other methods (such as the Realized Kernel method of Barndorff-Nielsen et al. (2008) in estimating the daily, 1 h and 15 min integrated volatility.
The ACD-ICV method samples observations from the observed transaction data based on a pre-specified price threshold δ. That is, transactions are selected whenever the absolute price change exceeds the threshold δ, which are the price events. Suppose H PE = {t 0 , t 1 , t 2 , · · · , t N } is the selected price events and the ith price duration is x i = t i − t i−1 , i = 1, · · · , N. Let Φ i denote the information set upon the price event at time t i . Denote ψ i+1 = E(x i+1 |Φ i ) as the conditional expectation of the price duration and assume that the standardized durations i = x i /ψ i , i = 1, · · · , N are iid positive random variables with a mean of unity. Given the information Φ i at time t i , the conditional instantaneous return variance per unit time at time t > t i , denoted by σ 2 (t|Φ i ), is
where λ(·) is the hazard function of i . Assuming i to be iid standard exponential distributed, the integrated conditional variance (ICV) over time period [t n 1 , t n 2 +1 ] is calculated as
The conditional expectation of the price durations ψ i can be estimated by various methods, such as the ACD method of Engle and Russell (1998) or the Augmented ACD method of Fernandes and Grammig (2006) .
The original ACD-ICV method models the price durations obtained by the threshold δ by assuming that these durations have equal volatility, and this assumption may not be true. In this paper, we modify the ACD-ICV method in two ways. First, instead of modeling the durations of the price events, we model the BTS durations that are obtained based on volatility change (instead of the absolute price change). The BTS returns are sampled as in Section 2. Second, we replace δ 2 in Equation (6) by an estimate of the mean volatility over each sampled BTS return. Suppose there are K BTS returns over m trading days, and the estimated integrated volatility over these m trading days is equal to V m . Then, each BTS return has an approximately constant integrated volatility of V D = V m /K. Instead of using δ 2 as an approximation of the integrated volatility of each price event as in Tse and Yang (2012) , we use V D to replace δ 2 in Equation (6) to obtain a new ACD-ICV estimate.
Thus, for the ACD-ICV approach, we consider three variations of estimates. We first select transactions using the price-event sampling method (where transactions are selected based on absolute price change) and estimate the daily integrated volatility using the ACD-ICV method as in Tse and Yang (2012) . We denote this method by ME1. We then replace δ 2 in equation (6) by V D , which is the integrated volatility estimated using TRV with subsampling at 3-min sampling frequency. We call this method ME2. 14 Finally, we sample data using the BTS scheme (not by price events) and repeat the computation as in ME2, which is called ME3. We compare the daily volatility estimates using the ACD-ICV methods against the RK method. 15
Monte Carlo Study
We conduct a Monte Carlo (MC) study to examine the performances of different integrated volatility estimates. Our MC set-up draws upon other models in the literature.
Simulation Models
We consider five simulation models, which are summarized in Table 3 . Models MD1 and MD2 are the Heston models (Heston (1993) and Aït-Sahalia and Mancini (2008) with some modifications) with high and low volatility, respectively. MD3 is the two-factor afine stochastic volatility model with an intraday U-shape pattern Hasbrouck (1999) and Andersen et al. (2012) . MD4 is a deterministic volatility set-up Tse and Yang (2012) . Finally, MD5 is MD1 with price jumps.
For all set-ups above, we set the initial price to 60 and the initial value of σ to 30%. We introduce sparsity of trade to the data by simulating exponentially distributed calendar-time transaction durations. 16 We first simulate transactions second by second and then generate exponentially distributed transaction durations with mean equal to 5 s, 10 s and 20 s, respectively. For simplicity, we only investigate iid market microstructure noise with constant noise-signal ratio (NSR). Based on the findings in Dong and Tse (2017) , we consider cases with NSR = 0.005%, 0.01% and 0.02%. We introduce a 0.01 price rounding error in all simulations. The intraday duration periodicity is adjusted by the time-transformation method in Tse and Dong (2014) before we fit all price durations and BTS durations to the ACD model. Each model is simulated over 60 trading days, with the simulation repeated 1000 times.
14 Note that, for ME1 and ME2, the returns are sampled by price events and the ACD models are fitted to diurnally transformed durations using the time-transformation function based on the number of trades. 15 The RK method is selected for comparison due to its superior performance among the RV estimators (see Barndorff-Nielsen et al. (2008) ). To calculate the bandwidth of the RK method, we use the subsampling realized volatility estimator and 3 min TTS returns. For the ACD-ICV methods, all results in this paper are based on conditional duration models fitted using the power ACD (PACD) model (see Fernandes and Grammig 2006) . 16 Sparsity occurs as empirically transactions are not observed sec by sec. Inactive stocks typically have more sparse transactions. 
µ = 0.05, κ = 5, α = 0.25, γ = 0.5 and Corr(dW 1 (t), dW 2 (t)) = −0.5.
Heston Model (low volatility) MD2 Same as MD1. α = 0.04, all remaining parameters same as MD1.
Two-factor affine stochastic volatility model with U-shape intraday volatility pattern MD3 Deterministic volatility model with U-shape intraday volatility pattern MD4
, where t is the day of trade and τ is the intraday time. σ 1 (t) is the volatility of day t, σ 2 (τ) is the intraday variations at time τ of each day.
σ 1 (t) = 20% for t = 1 with σ 1 (t) increasing linearly in t over 20 days to reach 30%. It then remains level for the next 20 days and decreases linearly in t to 20% over 20 days. σ 2 (τ) is computed as in Tse and Yang (2012) using the IBM tick-by-tick transaction data in 2012.
MD1 with price jumps
P(t) is a Poisson process with on average one price jump every two days. J(t) is the size of the jumps with J(t) ∼ N(0.02, 0.004).
Simulation Results
We first report our results on the TRV estimates. For each model set-up, sampling frequencies of 1, 2, 3, 5 and 10 min are considered. We compute TRV based on the CTS, TTS and BTS returns, with and without subsampling. To save space, we present only the results for the BTS scheme with subsampling in Table 4 . Table 5 summarizes the average difference in RMSE of the CTS and TTS schemes versus the BTS scheme over all models and parameter set-ups, with subsampling, in both absolute and relative terms. All results can be found in the supplementary material (Tables S4-S9 ). The BTS returns perform the best in reporting generally smaller root mean-squared error (RMSE), especially for methods with no subsampling. When the subsampling method is used, the RMSE decreases substantially. Generally, the BTS scheme still performs the best and its advantage is especially obvious for MD3 and MD4 when there is intraday volatility periodicity in the simulated price process. 17 Under all sampling schemes, the TRV estimates suffer from the market microstructure noise problems when the NSR is large, resulting in high mean error (ME) at high sampling frequency. When sparsity and NSR are both low, high sampling frequency at 1 min interval produces the lowest RMSE. Overall, the BTS returns outperform the CTS and TTS returns in estimating the integrated volatility.
We now turn to the results of the ACD-ICV method. Tables 6 and 7 report the ME and RMSE of the RK and the ACD-ICV estimates for MD1 and MD5, respectively. Results for other models can be found in the online supplementary material (Tables S10-S12). Table 8 summarizes the average RMSE of Realized Kernel estimate versus the ACD-ICV estimates over all models and parameter set-ups. The RK method performs quite well for the unbiasedness property, reporting small ME for all models except MD5 (model with price jump). ME1 reports quite big absolute ME and RMSE values among all the sampling frequencies considered and it often performs worse than the RK method except for MD5. 18 In contrast, the modified ACD-ICV methods, ME2 and ME3, report quite small ME and RMSE. ME3 consistently reports smaller RMSE than ME2 except for few cases in MD3 and MD5 at the 3 min and 5 min sampling frequencies. Moreover, ME2 varies more across different sampling frequencies. This demonstrates the superiority of the BTS durations over the price durations when they are fitted to the ACD model to estimate the integrated volatility. The better performance of ME3 over ME2 is mainly due to the fact that the BTS scheme performs better in yielding returns with constant volatility compared against the ACD-ICV method using the price events. Notes: ME and RMSE are the mean error and root mean-squared error, respectively, of the volatility estimates in annualized standard deviation in percentage. The average true daily integrated volatility is around 40% for MD1, 27% for MD2, 36% for MD3, 28% for MD4 and 40% for MD5. MD1 and MD2 are the Heston model at different volatility level. MD3 is the two-factor stochastic volatility model with intraday volatility periodicity. MD4 is the deterministic volatility model with intraday volatility periodicity and MD5 is the Heston model (MD1) with price jumps. The first column indicates the average duration of the observed simulated transactions. NSR is the noise-signal ratio. Results for average transaction frequency of 1 min, 2 min, 3 min, 5 min and 10 min are reported. The sampling frequency of the BTS scheme equals twice the average transaction duration. 
(RMSE(TTS)-RMSE(BTS))/RMSE(BTS) (%)
−0.1011 7.9977 9.0710 9.1005 6.2101
Notes: RMSE is the root mean-squared error of the daily TRV estimates in annualized standard deviation in percent. The first row is the average of the RMSE of the TRV estimates (over all simulation models) based on the CTS scheme over that based on the BTS scheme. The second row is the average relative difference in percentage. The third and fourth rows are similarly presented for the TTS scheme compared to the BTS scheme. Notes: ME and RMSE are the mean error and root mean-squared error, respectively, of the volatility estimates in annualized standard deviation in percentage. MD1 is the Heston model and the average true daily integrated volatility is around 40%. ME1 is the ACD-ICV method of Tse and Yang (2012) . ME2 is ME1 with δ 2 replaced by V D , the integrated volatility estimated using TRV with subsampling at 3 min sampling frequency. ME3 is ME2 with sampled durations computed from BTS returns. All ACD models are fitted to diurnally transformed durations using the time-transformation function based on the number of trades as in Tse and Dong (2014) . Notes: ME and RMSE are the mean error and root mean-squared error, respectively, of the volatility estimates in annualized standard deviation in percentage. MD5 is the Heston model with price jumps and the average true daily integrated volatility is around 40%. ME1 is the ACD-ICV method of Tse and Yang (2012) . ME2 is ME1 with δ 2 replaced by V D , the integrated volatility estimated using TRV with subsampling at 3-min sampling frequency. ME3 is ME2 with sampled durations computed from BTS returns. All ACD models are fitted to diurnally transformed durations using the time-transformation function based on the number of trades as in Tse and Dong (2014) . Notes: RMSE are the root mean-squared error of the volatility estimates (over all simulation models) in annualized standard deviation in percentage. ME1 is the ACD-ICV method of Tse and Yang (2012) . ME2 is ME1 with δ 2 replaced by V D , the integrated volatility estimated using TRV with subsampling at 3-min sampling frequency. ME3 is ME2 with sampled durations computed from BTS returns. All ACD models are fitted to diurnally transformed durations using the time-transformation function based on the number of trades as in Tse and Dong (2014) .
Our modified ACD-ICV method ME3 consistently produces lower RMSE over all models and parameter set-ups than the RK estimates. Its performance is robust over a wide range of sampling frequencies of up to 15 min. It also outperforms the TRV estimates with subsampling, except possibly for MD5, in which case their performances are comparable. 19
Conclusions
We propose an easy-to-use time-transformation method to implement the BTS scheme at a prespecified average sampling frequency. Using 40 stocks from the NYSE, we perform normality test to the jump-adjusted daily and weekly BTS returns. Our results show that stock prices can be considered discrete observations from a continuous-time jump-diffusion process. The BTS scheme performs better than other sampling methods in yielding iid Gaussian returns, and it also performs better than the CTS and TTS schemes in estimating daily realized volatility using the TRV method. We also show the superiority of the BTS durations over the price durations in estimating the daily integrated volatility using the ACD-ICV method. Our modified ACD-ICV estimate, ME3, which models the high-frequency BTS durations using the ACD model, performs the best in reporting smaller RMSE values.
Finally, we note that there are other possible applications of the BTS scheme. For example, we can estimate the conditional instantaneous volatility or intraday integrated volatility (such as over 30 min intervals) by modeling the high-frequency BTS durations using the ACD model. Moreover, we can estimate the integrated quarticity (IQ = 1 0 σ 4 (τ)dτ) by using a method similar to that implemented in this paper. That is, we first obtain transactions with approximately equal quarticity increments. The conditional instantaneous quarticity or integrated quarticity can be estimated further by modeling clustering of the corresponding durations using the ACD model. Please refer to Jacod and Rosenbaum (2013) and Andersen et al. (2014) , among others, for theories and empirical applications of the asset price quarticity.
Supplementary Materials: The following are available online at www.mdpi.com/econometrics/2225-1146/5/ 4/51/S1, Figure S1 : 1-min Realized Volatility and number of transactions, 2010-2013. Table S1 : Proportion of detected jumps. Table S2 : Rejection proportion of the normality hypothesis for no-jump returns under different sampling schemes. Table S3 : Rejection proportion of the normality hypothesis for returns under different sampling schemes. Table S4 : ME and RMSE of daily volatility estimates using the TRV method without subsampling under the CTS scheme. Table S5 : ME and RMSE of daily volatility estimates using the TRV method without subsampling under the TTS scheme. Table S6 : ME and RMSE of daily volatility estimates using the TRV method without subsampling under the BTS scheme. Table S7 : ME and RMSE of daily volatility estimates using the TRV method with subsampling under the CTS scheme. Table S8 : ME and RMSE of daily volatility estimates using the TRV method with subsampling under the TTS scheme. Table S9 : ME and RMSE of daily volatility using the TRV method with subsampling under the BTS scheme. Table S10 : ME and RMSE of daily volatility estimates of the RK and ACD-ICV methods for Model MD2. Table S11 : ME and RMSE of daily volatility estimates of the RK and ACD-ICV methods for Model MD3. Table S12 : ME and RMSE of daily volatility estimates of the RK and ACD-ICV methods for Model MD4. Td,i together to obtain the estimated intraday integrated volatility at 10-min average sampling frequency. Thus, the pth intraday integrated volatility on day d under subgrid H s is V 
